Let Af be a compact C°° manifold. A theorem of Nash-Tognoli asserts that M has an algebraic model, that is, M is diffeomorphic to a nonsingular real algebraic set X . Let FV^AfX, Z/2) denote the subgroup of Hk(X, Z/2) of the cohomology classes determined by algebraic cycles of codimension k on X . Assuming that M is connected, orientable and dim M > 5 , we prove in this paper that a subgroup G of H2(M, Z/2) is isomorphic to H^ (X, Z/2) for some algebraic model X of M if and only if w2(TM) is in G and each element of G is of the form W2K) for some real vector bundle £ over M , where w2 stands for the second Stiefel-Whitney class. A result of this type was previously known for subgroups G of HX(M, Z/2).
Introduction and statement of the main results
A C°° submanifold M of E" is said to admit an algebraic approximation if there exists a C°° embedding e : M -y E" , arbitrarily close in the C°° topology to the inclusion mapping M <-+ E" , such that X = e(M) is a nonsingular algebraic subset of E" . The set X will be referred to as an algebraic set approximating M. A remarkable theorem of Tognoli (cf. [14, Theorem 14.1.10; 22, Theorem 7; 27] ) asserts that if M is compact and 2 dim M + 1 < « , then M admits an algebraic approximation (cf. also the recent paper of Akbulut and King [8] , where the assumption 2 dim M + 1 < « is relaxed; Tognoli [29] claims a result stronger than [8] , but some steps in his argument are incorrect).
Several refinements of Tognoli's theorem are known, where the algebraic sets approximating M satisfy certain additional conditions (cf. [1, 2, 4, 10, 11, 12, 22, 28] , where also some important applications are discussed).
In this paper we prove Tognoli-type approximation theorems with precise control of algebraic cycles on algebraic sets approximating M. Before stating our results, we need to recall a few notions. For background material the reader may consult the book [14] .
Given an affine real algebraic variety X, denote by F/£lg(X, Z/2) the subgroup of Hk(X, Z/2) of the homology classes represented by the compact, Zariski closed, &-dimensional algebraic subvarieties of X. (Cf. [14, Chapter 11; 17] , and also [5, §6; 13, Proposition 2.3] . Another, purely algebraic, description of Hf%(X, Z/2) is given in [21] .) Assuming that X is compact and nonsingular, let Hf&(X,1/2) denote the image of Hdi*k(X,Z/2) under the Poincaré duality isomorphism Hd_k(X, Z/2) -> Hk(X, Z/2), d = dim X. If co : X -> Y is a regular mapping, then the induced homomorphism <p*:H*(Y,Z/2) -H*(X,Z/2) maps Hklg(Y,Z/2) into H^(X,Z/2) (cf. [5, Theorem 6.1] or [17] ). It is known that wk(X) belongs to H^(X, Z/2) for k > 0, where wk(X) stands for the kth Stiefel-Whitney class of X [13, Theorem 2.4; 17, 25] .
The important role played by the groups Fa'lg in real algebraic geometry is briefly described in the introduction to [15] , where the behavior of L/a'lg is extensively investigated. Below we also make some comments about Hkx with k>2. Our main result concerns /i"al .
For convenience, we first give the following. M has an algebraic model of type G, that is, one can find an affine nonsingular real algebraic variety Y and a C°° diffeomorphism cp: Y -» M satisfying <p*(G) = Hkx%(Y, Z/2). Proposition 1.2 allows us to restate most of the results of [15] concerning the existence of algebraic models of type G, with G c Hx , as theorems on algebraic approximation of type G. For instance, we have the following. [15, Theorem 1.4]). Now let us turn to the case Fal with k>2. Akbulut and King [1, 2, 4, 23] conjectured that every compact C°° manifold M is diffeomorphic to an affine nonsingular real algebraic variety X with totally algebraic homology, that is, a variety satisfying Hf%(X, Z/2) = Hk(X, Z/2) for k > 0. They also described how this conjecture would allow us to simplify several of their proofs and how it would be useful in further work on a topological characterization of real algebraic sets. An interesting counterexample to the conjecture was obtained by Benedetti and Dedö [9] . Our main result can be viewed, in particular, as a systematic study of the phenomenon discovered by them. (ii) If X is a compact affine nonsingular real algebraic variety, then H2lg(X, Z/2) is a subgroup of W2(X).
Proof, (i) Let u be an element of W2(M) and let £ be a topological real vector bundle over M with u = w2(£,). Since M is paracompact, there exists a topological line bundle y over M satisfying wx(y) = wx(£) (cf. [20, Chapter 16, Theorem 3.4] ). Setting t] = Ç © y © y © y, we obtain u = w2(n) and wx(n) = 0. Now it is also obvious that W2(M) is a subgroup of H2(M, Z/2).
(ii) This is a consequence of Grothendieck's formula and is contained in [16, Theorem 1.1]. The proof of (ii) given in [9] is not quite correct. At the time when [9] was written, there was no good reference for Grothendieck's formula for varieties defined over E and the sketch of proof given in [9] has some faults. It assumes the exactness of the global section functor for the so-called -coherent sheaves, which does not hold true. The paper [ 16] uses an excellent, now available, reference [19, Example 15.3.6]. D Counterexample 1.5 [9] . For every positive integer m with m > 11, there exists a compact, connected, C°° manifold M of dimension m such that W2(M) # H2(M, Z/2). The manifold M is constructed by taking the double of a compact, connected, C°° submanifold (with boundary) P of E" of dimension m such that the interior of P contains a 5-skeleton A of the Eilenberg-Mac Lane space F(Z/2, 2) and A is a retract of P. In particular, M is orientable (this observation is interesting in view of Theorem 1.7 below). By Proposition 1.4(h), for every affine nonsingular real algebraic variety X homeomorphic to M, one has H2l&(X, Z/2) ^ H2(X, Z/2) and hence X does not have totally algebraic homology.
Observe that if A could be embedded in some C°° manifold F of dimension k, k < 11, then the above construction would yield an example of a compact C°° manifold M of dimension k with H2g(X, Z/2) ^ H2(X, Z/2) for each nonsingular real algebraic variety X homeomorphic to M. We do not know whether such a manifold R exists. Remark 1.6. (i) By [26, Theorem 11.26] , every compact C°° manifold M with dimAf < 5 has its homology groups Hk(M, Z/2), k > 0, generated by the homology classes represented by compact C°° submanifolds of M. It follows from [2, Theorem 1.1] or [12, Proposition 1] that M has an algebraic model with totally algebraic homology. Hence the conjecture of Akbulut and King holds true for manifolds of dimension less than or equal to 5.
(ii) Akbulut and King [7] proved that every compact C°° manifold M is homeomorphic to an affine real algebraic variety X with Hf%(X, Z/2) = Hk(X, Z/2) for k > 0. However the fact that X is, in general, singular restricts applicability of this theorem.
Our main result is the following. [4, 22] ), one can find a C°° embedding e: M -y E" , arbitrarily close in the C°° topology to the inclusion mapping M <-y E" , such that X = e(M) is a nonsingular algebraic subset of E" and there exists a regular mapping y/: X -y Y with the property that y/ o e is close in the C°° topology to cp~x (in particular, we may assume that y/ is a C°° diffeomorphism).
We claim that y/*(Hklg(Y, Z/2)) = H^g(X, Z/2). Indeed, since y/ is a regular mapping, we obtain y/*(Hkig(Y, Z/2)) c H^&(X, Z/2). Now let u be an element of Hkls(X, Z/2). For the convenience of the reader, we now collect a few results that will be used in the proof of Theorem 1.7.
Let X be an affine real algebraic variety. An algebraic (real) vector bundle over X is said to be strongly algebraic if it is algebraically isomorphic to a subbundle of a product vector bundle XxR" for some « (cf. [14, Chapter 12] for an exposition of the theory of strongly algebraic vector bundles). We shall say that a topological (real) vector bundle over X admits an algebraic structure if it is topologically isomorphic to a strongly algebraic vector bundle over X.
Theorem 2.1. Let X be a compact affine nonsingular real algebraic variety with dimX = 2 or 3. Let Ç be a topological vector bundle over X of constant rank and let C be a compact, connected, C°° curve in X Then:
(i) The vector bundle Ç admits an algebraic structure if and only if wk(Ç) belongs to Hklg(X, Z/2) for k= 1,2.
(ii) If the homology class in Hx (X, Z/2) represented by C belongs to Hfi(X, Z/2), then there exists a C°° embedding e : C -> X, arbitrarily close in the C°° topology to the inclusion mapping C «-» X, such that e(C) is a nonsingular, Zariski closed, algebraic subvariety of X. Proof. For dimX = 2, Theorem 2. Assume that the restriction f\Y is a regular mapping and the restriction v\Y of the normal vector bundle v of M in W to Y admits an algebraic structure. Then one can find a C°° embedding e : M -> E", a nonsingular algebraic subset X of R" , and a regular mapping g : X -y V such that X = e(M), e (resp. g o e) is arbitrarily close in the C°° topology to the inclusion mapping M ■-» R" (resp. f), and e(x) = x for x in Y. Proof. This is just a minor modification of results proved by Akbulut and King [1] , and Benedetti and Tognoli [10, 12, 28] . Indeed Then C is nonsingular, irreducible, and has two connected components, say Cx and C2, diffeomorphic to Sx . Let p be a point in V and E = {p} x Cx.
We claim that there exists a neighborhood % (in the C°° topology) of the inclusion mapping F <-► W x C such that e(E) is not a nonsingular algebraic subvariety of W x C for e in %. Indeed, suppose for a moment that such a neighborhood % does not exist. Then one can find a C°° embedding e : E -> W xC such that e(E) is a nonsingular algebraic subvariety of W x C and the canonical projection n: W x C ^> C maps e(E) diffeomorphically onto Cx. However, since n is a regular mapping, it follows from [14, Lemma 11.3.4] that dim(C\n(e(E))) = 0, a contradiction. Hence the claim is proved.
By construction, V x Cx bounds in W x C and therefore there exists a C°° function f:WxC -> E such that 0 in E is its regular value and V x Cx = f~x(0).
Let c be a point in Cx . Then one can find a regular function g : W x C -y R, close in the C°° topology to / and vanishing on the D¡x {c}, i = I, ... ,k (cf. [28, p. 75]). If g is sufficiently close to /, then X = g~x(0) is a nonsingular algebraic subvariety of WxC diffeomorphic to A and there exists an embedding eo in y with eo(E) contained in X . It follows that if e: eo(E) -y X is a C°° embedding sufficiently close in the C°° topology to the inclusion mapping en(F) <-» X, then e(eo(E)) is not a nonsingular algebraic subvariety of X. By Theorem 2.1 (ii), the homology class in HX(X, Z/2) represented by e0(E) does not belong to Hf%(X, Z/2). Hence Hf%(X ,1/2) is generated by the homology classes of the D, x {c}, i -1, ... , k. In other words, A has an algebraic model of type G. By Proposition 1.2, A admits an algebraic approximation of type C7. □
We also need one more, purely topological, observation. Similarly, one also shows (2) rs¡(v,)¿0.
Let U¡ be a small tubular neighborhood of S¡ in M (in particular, the U¡ are mutually disjoint, i = I, ... , k). Shrinking <7, if necessary, we obtain from (1) that for u in H2(M, Z/2), (3) fu,(u) = 0 for i = I, ... , k if and only if u £ G.
We claim that there exist a C°° submanifold F, of U, containing S¡ and a C°° diffeomorphism cp¡: S¡ xS'-t Y¡ satisfying S¡ = cpj(S¡ x {yo}), where Sx is the unit circle and yo is a point in Sx . Indeed, let us identify U¡ with the total space of the normal vector bundle u¡ of S¡ in Af. We have Vi © r(S¡) = t(AT)|5,-, where t(-) stands for the tangent bundle. Since Af is orientable, wx(r(M)) = 0 and hence wx(vf) = wx(x(Sf)). By (c) and (1), w2(r(M)\Si) = rs¡(w2(M)) = 0. It follows that w2(Vi) = w2(x(S,)) + wx(vi) U wx(z(Si)) = w2(z(Si)) + wx(z(Si))Uwx(x(Sl)).
Since S¡ is nonorientable of even topological genus, we have w2(x(S¡)) = 0 and wx(t(Sí)) \Jwx(x(Si)) = 0, and hence w2(vf) = 0. Let £,-be a real line bundle over Si with wx(C¡) = wx(v¡). It follows (cf., for example, [16, Remark 1.4] ) that Vi and £,-are stably equivalent. Since dim S¡ = 2 and rank v¡ = m -2, this implies that u¡ is isomorphic to the direct sum of Ç; and a trivial vector bundle of rank m -3 (cf. [20, Chapter 8, Theorem 1.5]). It follows that Si c S¡ c Ui, where S¡ is diffeomorphic to S¡ x R2 . Now the claim is obvious.
It follows from (3) that given u in H2(M, Z/2), we have Also note that (2) implies (5) rY¡(Vi) i Kercr* for i = I, ... , k, where ct, : 5, «-» Y, is the inclusion mapping. By Lemma 2.4, there exists a C°° embedding e¡ : Y¡ -> E" , arbitrarily close in the C°° topology to the inclusion mapping Y¡ ^> E" , such that e¡(Y¡) is a nonsingular algebraic subset of E" and H2]g(e¡(Yi), Z/2) = Kers*, where s¡: e¡(Si) «-» e¡(Y¡) is the inclusion mapping. Now one can find a C°° embedding E: M -y R", close in the C°° topology to the inclusion mapping M <-y E" , satisfying E\Y¡ = e¡ for i = 1, ... , k . Hence, replacing possibly M, Yi, and S¡ by E(M), E(Yf), and E(Sf), respectively, we may assume that Yi is a nonsingular algebraic subset of E" and (6) F2g(T,-,Z/2) = Kera; for i = 1, ... , k.
By (5) and (6), we obtain (7) rYl(Vi) £ H2(Yi, Z/2)\//a2lg(y;, Z/2) for i = 1, ... , k.
Let G = {ux, ... , u/}. By (c) and Proposition 1.4(i), u¡ = w2(â,f for some topological real vector bundle £; over M with W\(Z/) = 0 for j = 1,...,/.
Let fj\ M -* Gp^Qj be a C°° classifying mapping for £;, that is, £;
is isomorphic to the pull-back vector bundle fjyPn(tj. Clearly, Y = Yx U • • • U Yk is a C°° submanifold of Af which is a nonsingular algebraic subset of E" . We have, obviously, wx(Çj\Y) = 0 and, by (4), w2(£j\Y) = 0. Hence, in virtue of Theorem 2.1(i), the vector bundle Çj\Y = (fj\Y)*yPj,qj over Y admits an algebraic structure. Now, by Theorem 2.2, fj\Y can be approximated in the C°° topology by regular mappings from Y to GPj t q¡. Using this fact, and possibly modifying f¡ without changing its homotopy type, we may assume that ff\Y is a regular mapping. Set f=(f\,---,fi) and V = GPl >9| x • • • x GPl^,.
Let v be the normal vector bundle of M in Rn . Since M is orientable, wx(v) = 0 and hence wx(v\Y) = 0. By (c), w2(v) = w2(M) is in G and therefore, in virtue of (4), w2(v\Y) = 0. Applying Theorem 2.1(i), we conclude that v\Y admits an algebraic structure. Now, the properties of M, Y, f, and v established above allow us to apply Theorem 2.3. Thus one can find a C°° embedding e : M -y R" , arbitrarily close in the C°° topology to the inclusion mapping M <-> R", such that X = e(M) is a nonsingular algebraic subset of E" , e(x) = x for x in Y, and there exists a regular mapping g = (gx, ... , g¡): X -y V with goe close to / in the C°°t opology (in particular, we may assume that g o e is homotopic to /).
